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Disclosures

1 This is my first LaTeX project and Knot Diagrams are hard :(

2 I’m a freshly minted second-year student self taught in this topic

3 Prime knots are a thing, this is not about them.

4 Saying ”Knot” and ”Not” is confusing...
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Knots

Definition: Knot

A Knot is an embedding of the circle S1 into the space S3

Problem: This definition is scary

New (Better) ”Definition”

A knot is a line (piece of string) we move around in 3D space, and then
glue its ends together. We do not care about the length of said line, only
the way in which it becomes ”knotted” (I’m not defining what I mean by
”knotted”).
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Knot Projections

Definition: Knot Projections

A Knot Projection is a projection of the embedded knot onto the plane.
At any crossing of the knot, we indicate an over strand.

This gives us a convenient way to represent knots, without a mess of
(possibly unclear) instructions as to how to tie them.
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Examples of Knots

Trefoil.png

Figure: Knot 31 ; the Trefoil
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Examples of Knots

Figure 8 Knot.png

Figure: Knot 41 ; the Figure-Eight knot
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Examples of Knots

Unknot.png

Figure: Knot 01 ; the Unknot
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Knot Examples

I claim the three knots just shown (01, 31, 41) are all different knots.

I will now prove this.

But we need to introduce a few more tools and ideas before we can.
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Knot Equivalence

Definition: Ambient Isotopy

We say two knots are equivalent if we can continuously transform one into
the other without cutting the line, or passing though itself; i.e. can we
”untie” them until they look the same? If so, we then say they are
Ambient-Isotopic to one another.

You might say that saying we can ”continuously transform one into the
other” is a vague definition. And you’d be right.
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Reidemeister Moves

Reidemeister Moves.png

Figure: From left to right, Type 1, 2, and 3 Reidemeister moves

Theorem

Two knots are equivalent up to ambient isotopy if and only if there exists
a sequence of Reidemeister moves between them.
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Reidemeister moves example

Figure 8 Knot transformation.jpeg

Figure: Figure 8 Knot is Equivalent to its mirror image

Interestingly, the trefoil is NOT equivalent to its mirror image.

Ed Hawkins (any/all) Colouring Knots with Primes 13 March 2025 11 / 36



Reidemeister moves example

Figure 8 Knot transformation.jpeg

Figure: Figure 8 Knot is Equivalent to its mirror image

Interestingly, the trefoil is NOT equivalent to its mirror image.

Ed Hawkins (any/all) Colouring Knots with Primes 13 March 2025 11 / 36



Reidemeister moves example

Figure 8 Knot transformation.jpeg

Figure: Figure 8 Knot is Equivalent to its mirror image

Interestingly, the trefoil is NOT equivalent to its mirror image.

Ed Hawkins (any/all) Colouring Knots with Primes 13 March 2025 11 / 36



Knot Invariants

The previous theorem concerning Reidemeister moves gives us a really
useful tool to talk about invariants, since if we can show that the three
Reidemeister moves all preserve some property, we can use said property as
an invariant to distinguish knots apart.

Definition: Knot Invariant

A Knot Invariant φ(K ) is some function defined for all knots such that if
two knots K1 and K2 are equivalent, then φ(K1) = φ(K2).

We importantly care about the contrapositive of this statement, being that
if φ(K1) ̸= φ(K2) then K1 and K2 are different knots.
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Knot Colourability

Colourability

We say a knot diagram is colourable if we can assign each strand one of
three labels (colours) such that the following hold:

1 We use at least two distinct colours, and

2 At any crossing, if two colours appear, then all three colours appear.

We now prove that this is infact a knot invariant.
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Proof that Colourability is Invariant

As alluded to before, all we need to show is that the Riedemeister moves
preserve colourability, and thus, if a projection is colourable/un-colourable,
then all equivalent projects will be also.

Coloured Reidemeister moves.png

Figure: Coloured Reidemesiter moves

Note that for moves two and three, this is only one example of a
colouring, but (trust) it holds for others.
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Colourability Example

The unknot is not colourable, since it only has one strand, and thus fails
condition 1. However, the trefoil IS colourable

Coloured Trefoil.png

Figure: Coloured Trefoil

So since we’ve shown that colourability is a knot invariant, we now know
the trefoil and the unknot are actually different knots.
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Yippee.png
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Primes

Recall our definition of colourability:

Colourability

We say a knot diagram is colourable if we can assign each strand one of
three labels (colours) such that the following hold:

1 We use at least two distinct colours, and

2 At any crossing, if two colours appear, then all three colours appear.

Observe that if we colour our strands with elements from {0, 1, 2} = Z3,
condition (2) is equivalent to:

For x , y , z ∈ Z3, at any crossing with over strand-coloured z, and
under-strands coloured x and y,

x + y ≡ 2z (mod 3)
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Primes

p-Colourability

We say a knot diagram is p-colourable for some prime p≥ 3 if we can label
(colour) it using elements from Zp such that:

1 At least two distinct elements are used, and

2 At any crossing with over-strand coloured z and under-strands
coloured x and y,

x + y ≡ 2z (mod p)

This is a knot invariant ∀ primes p ≥ 3 (trust)
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p-Colourable Example

Figure 8 Knot 5 coloured.png

Figure: The Figure-8 Knot is 5-colourable
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Matrices

Lets note that x + y ≡ 2z (mod p) is equivalently given as

2z − x − y ≡ 0 (mod p)

If we then label each of our n crossings (1, 2, 3, ..., n), and each of our n
strands (x1, x2, x3, ..., xn), we obtain a system of n linear equations,
corresponding to each of the n crossings.

We can represent this system with an n × n coefficient matrix, with rows
corresponding to crossings, and the columns representing the strands.

We construct such a matrix carefully because of the unique case where the
over strand is one of the under strands.
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Constructing Matrices

We do this the following way:

1 For a knot with n ≥ 3 crossings (noting that every knot with ≤ 2
crossings is the unknot (trust)), start with an n × n matrix with all
entries 0.

2 At the ith crossing, in the corresponding row, add 2 to the over strand
entry, and subtract 1 from each of the under strand entries.

3 Repeat ∀ i ∈ {1, 2, 3, ..., n}
4 Remove one arbitrary row and column

This actually isn’t a knot invariant, but the following is...
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Knot Determinants

Knot Determinants

Given a knot K and a corresponding matrix constructed as above MK , we
define the Knot Determinant of K as

det(K ) = | det(MK )|

This is a knot invariant (trust)

In fact, there’s a nice theorem that relates p-colourability and these
determinants.

But first, lets do an example.
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This is a knot invariant (trust)

In fact, there’s a nice theorem that relates p-colourability and these
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Knot Determinate Example

Labeled Trefoil.png

Figure: 31; the Trefoil

1 We label a knot and its crossings,
and create a 3× 3 matrix of all 0’s:0 0 0

0 0 0
0 0 0


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Knot Determinate Example

Labeled Trefoil.png

Figure: 31; the Trefoil

2 We add 2 to each over-strand entry:2 0 0
0 2 0
0 0 2


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Knot Determinate Example

Labeled Trefoil.png

Figure: 31; the Trefoil

3 And add -1 to each under-strand
entry:  2 −1 −1

−1 2 −1
−1 −1 2


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Knot Determinate Example

Labeled Trefoil.png

Figure: 31; the Trefoil

4 We remove an arbitrary row and
column, and compute the
determinate:∣∣∣∣ 2 −1

−1 2

∣∣∣∣ = 4− 1 = 3

∴ det(31) = 3
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P-Colourability and Knot Determinant Theorem

Theorem

A knot K is p-colourable for primes p ≥ 3 iff p| det(K )

This theorem actually isn’t too hard to prove, if you agree that the matrix
MK is an accurate representation of the desired system of equations.

Which isn’t immediately obvious :(
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Proof of previous theorem

We are looking for the null-space of this matrix (MK ), as that is the
solution to the system of equations we generated before, and we want a
non-trivial NS.

Since we are looking for solutions mod p, and a matrix A has non-trivial
null-space iff det(A) = 0,

det(MK ) ≡ 0 (mod p) ⇐⇒ p| det(MK ) ⇐⇒ p| det(K )
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(At least) Countably infinite knots

Theorem:

Let K = {K |K is a knot}. |K| ≥ |Z|

We will now prove this.
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Proving (at least) countably infinite knots

Consider a knot with n ≥ 3 crossings s.t. n is odd, and each strand is the
over-strand of exactly one crossing that is not said strands end.

The n × n matrix corresponding to such a knot is given by:

2 −1 0 0 0 −1
−1 2 −1 · · · 0 0 0
0 −1 2 0 0 0

...
. . .

...
0 0 0 2 −1 0
0 0 0 · · · −1 2 −1
−1 0 0 0 −1 2


We choose to remove the nth row and column to make our lives easier.
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Proving (at least) countably infinite knots

This leaves us with the n − 1× n − 1 matrix:

2 −1 0 0 0
−1 2 −1 · · · 0 0
0 −1 2 0 0

...
. . .

...
0 0 0 2 −1
0 0 0 · · · −1 2



Which has a determinate of n, which can be proven with generating
functions or induction.

Now we need only show that such a knot exists for each odd n ≥ 3, since
the determinate of our knots is an invariant.
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Intermediate Definition

Definition: Braid

A Braid is a set of n strings which can be interpreted as attached to a
horizontal bar at each end. Each string is positioned such that it intersects
a horizontal plane exactly once.
By connecting each of the strands on the top bar with corresponding
strands on the bottom bar, we obtain a knot or link.
For a knot K obtained this way, we say the braid is the braid
representation of K.

Ok now we can get back to our proof.
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Back to Proving (at least) countably infinite knots

We show such a knot exists using the following braid, which is just a fancy
way of representing a knot.

Braid.png

Figure: Braid 1

We attach n of this braid together ”on-top” of each other.
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Proving (at least) countably infinite knots

n-braid.png

Figure: n-crossing braid

This knot trivially satisfies the requirements for the matrix construction for
odd n ≥ 3.

Thus, such a knot does exist for each odd integer n ≥ 3.
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Conclusion

So now you know:

1 What a knot is, and what it means for two of them to be the same

2 What it means for two knots to be different, and some tools to help
determine this

3 That there are (at least) a countably infinite number of knots
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