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Contents

* Fundamentals and a taste of what's out there

* “Assumed™:
* MATH1051 — calculus, polynomials
* MATH1052 — linear ODEs

* Complex numbers

* Highly broad field!
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Gears

1
Set 61 = —0,. What if 6, = H*6:,7

s
= [

I_I>]<
6, = H"0; = v —0,

6> = 6, only when H* = H.

Need to account for error 6, — 6-.
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Gears

1
=0, + ky(0, — 05). What if 6, = H*0;?

Set 91 = ¥

“gainlr

0, = H*01 = — 0, + H*k,(6, — 65)
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Gears

Set 0,(t) = %9,(15) e /t(er(ﬂ — 9,(7)) dT.
o)

What if 85(t) = H*0,(t)?
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Gears

Set 0,(t) = %9,(15) e /t(er(ﬂ — 9,(7)) dT.
o)

What if 85(t) = H*0,(t)?

62(6) = ' (0.0 + & [ (0.(r) — 6a(m) )
6,(6) = ((6pfe) + (6.(2) ~ 6a(1)))
65 (0) = 0

05(t) + H kiBo(t) = H*ki6, —  62(t) = 6,(1 — e k1)
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Gears

Set 0,(t) = %9,(15) e /t(er(ﬂ — 9,(7)) dT.
o)

What if 02(t) = H*01(t)? Arbitrary convergence rate!

-

0,(t) = 0,(1 — e Ht
\ Independent of
02(t)

5 » 1 as t — 0o. “prediction” %Qr!
)

Need feedback with accumulation of past errors.
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o(0) my"(£) = u(t

oy ET

...could calculate how long
< > > to hold u constant, then
how long to decelerate?

Same Issues with inaccurate measurements.
Need v to be independent of m.
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Try u(t) = ky(r(t) — y(t)). No explicit estimate of m.
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Try u(t) = ky(r(t) — y(t)). No explicit estimate of m.

my"(t) = u(t)
my"(t) = kpr(t) — kpy(t)
my"(t) + koy(t) = kpr

Prescribing y(0) = y/(0) = 0, A A /\
(e (=) T
y(t)=rit-cos Et I
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Try u(t) = kp(r() = y(0) + ka3 (r(2) = ¥(2)
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Try u(t) = kp(r() = y(0) + ka3 (r(2) = ¥(2)

my"(t) = u(t)
my"(t) = kor(t) — koy(t) + kdr/ﬂ ~ kay/(£)
my"(t) + kqy'(t) + koy(t) = kpr

1 kq —kg— \/k2 dhpm
y(t)y=r|1—|=— exp
2 2\/k3 —4k,m Converges to 0 as long
L, kd —kg++/k3 — 4k, m as exponents negative.
— | = eX
2 2,/k3—4k,m g 2m
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Frog-cart

0:2

0 T A
1 kd kd \/k2 4/( m
=r|l—|=—
= r[ (2 2\/k§—4kpm) exp( J-— Converges to 0 as long
(i kq o —kg++/k3 — 4kp m as exponents negative.
2 2y/k3 — 4k,m ° 2m
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A useful tool

Every linear const-coeff ODE (system) is identified by an
impulse response h : [0, o0) — R such that for all inputs
u:[0,o0) = R, the solution y with zero |.C. is

y(t) = (ux*x h)(t) = /o u(t)h(t —7)dr.

(similar to Green's function, convolution kernel)
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A useful tool

For f : [0, o0) — C satisfying some properties, the Laplace transform of f is

0

LIFY(s) = / F(t)e stdt,

defined for s € C where the improper integral converges.
By convention, we write L{f} = F.

The inverse Laplace transform has a difficult explicit form, but I1s often
confirmed by direct calculation.
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A useful tool

Theorem (Properties of £) Let h be the impulse response
for some system. Then,

1. L{af + bg} = aF + bG

y =uxh
2. L{fxg}=FG L{y} = L{ux*h}
Y(s) =U(s)H(s)

~Y(s)

H(s) = U(s)

The transfer function H completely describes the system, like h does.
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" o
Theorem (Properties of £) my"(t) = u(t)

m(s?Y (s) — sy(0) — y'(0)) = U(s)
1. £{af + bg} = aF + bG

2. L{fxg}=FG Y(s) = —U(s) m(sy(0) +y'(0))

ms? ms2
3. L{f'}(s) = sF(s) — (0~ _Y(s) 1
{ }(S) ] (S) (O_ ) H(S) - U(S)  ms?
4. L{[ }(s) = F(S) . F(00)

| o D
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u(t) = kp(r(t) —y(t)) + ka(r'(t) — y'(t))
U(s) = kp(R(s) — Y (s)) + kas(R(s) — Y(s))
U(s) = Skp + kdszgR(s) — Y(s)l

c(s) E(s)
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s r—e—{CHHI

— Y =HU=HC(R-Y) _
Y + CHY = CHR
Y  CH

R 1+ CH R CH Y
1+ CH

Another transfer function, this time
relating reference to output!
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CH Y(s) 1
\/, — /;? /‘{ = e P— (:? e l( l(
1+CH (s) U(s) ms?’ (8) = Ko + Ko
Ko+kys
Y B pm52 B de + kp L ,
R 11 fothas — ms? + kys + K, () =r=R(s)=3
K k A B C 1
\/{ _ ij; '+" p ' 1: —r I I IC:{:E?ZZt:}_ —
ms? + kgs + k, s S S—p;  S—po S—2Z

_v'

m(s—p1)(s—p2)

y(t) =r A+ BePt + CeP'|
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In general, with m < n for causality®,

anyM(t) + -+ agy(t) = byu'™(t) + -+ + bou(t)

Imag
A
Y(S) bms™ + -+ + bo
H(s) := =
(s) U(s) ans"+---+ ao JL;
— k k  Pi € C jRAL j%L < Real
(s = p1)a(s —p2)e--- Ji
| 1 8
at ,ibt\ __
L{e"e }_s—(a+bi)
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X
Same result applies to closed system, L L

x> Real
CH ’pie([: ) Ji

1+ CH ~ (s—p)k(s—p)ke---

X
X

A system (open or closed) is BIBO-stable iff Re(p;) < O.
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y(t) =r |A+ BePll + CeP'|

— N

1 kd ——kd——x/kg-—-4kbfn
t)=r|1—| =— ex t
/) [ (2 2\/k§—4kpm) p( 2m

1 k —K ks — 4k
— | =+ d exp sV kg Py
2 2\/k3—4k,m 2m

Need Re(p;), Re(py) < 0 for convergence (stability).
Need A=1fory — rast— oo.
What 1s A?
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Theorem (Final Value)

If Y(s) is stable, Iim y(t) = lim sY(s).
t—o0 s—0

r(t)y=r, R(s)=r/s

. _ CH -~ r CH
e N R e e

= r lIm CH £
o s—>Ol—|—CH_

r
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Let L(s) = C(s)H(s) = gg R—>
CH L  ND N
1+CH 1+4L 14+4N/D N+D
 CH | N(s) N(0)
a lim = a lim

01+ CH  “sS0N(s)+ D(s) _ “N(0) + D(0)

If N(0) £ 0, this is a iff D(0) = 0.

Thus, Im y=rif sis a pole of L.
[—o0

peka 30/08/2024



Summary of fundamentals

System: a,y M (t) + -+ agy(t) = byu'™ (t) + - + bou(t)
Control law: u(t) = scaled [ and < of error r(t) — y(t).

lc

H(s) = T8S) _ bms™ ot bo gy = (s) (R(s) — Y (5))
U(s) ans" + -+ ao ‘ -

E(s)

R™1+CH  (s—p)R(s—p)- "
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Summary of fundamentals

 CH
1+CH  (s—p)k(s—po)le---

x| <

, pieC

tli_}m y(t) =rif Vi,Re(p;) <0, and 3 a pole of CH at s = 0.
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Summary of fundamentals

 CH
1+CH  (s—p)k(s—po)le---

, pieC

x| <

tli_}m y(t) =rif Vi,Re(p;) <0, and 3 a pole of CH at s = 0.

!

Requires us to compute
closed-loop transfer function.
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A better stability test

R L Y
— _
1+ L

Want to find whether any zeros of 1 + L are in the right half-plane C-.
Im

, \ _— L()
R;e —:1 / »
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A better stability test

Theorem (Nyquist Stability Criterion)

Define a Nyquist contour «y. Then,

lm

y #zerosof 1 4+ L in Cs

S = (winding number of L(y) about —1)

’/ e + (#poles of L in Cs)

Only need to evaluate L(iw), w € R, to check stability.
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Where to from here?

Robust control L ()
Some systems are naturally unstable.

-+ U % | g

R—g -

N 1/k*
How much can we "vary” H* from H t K*L(y)
while maintaining stability? \/Y\
eg. A={kH | k€0, k*)}

—1

All H € A are stabilised by a fixed C. /

>
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Where to from here?

Robust control

Some systems are naturally unstable.

_|_
i)
— [Wa(iw)

How much can we “vary” H* from H
while maintaining stability?

e.g. A ={kH | k €0, k*)}

All H € A are stabilised by a fixed C.
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Where to from here?

Optimal control (MATH34047) Find K such that u = —Kx

Arbitrary convergence rate! minimises objective fn.

J J:/ x' Qx + u'Rudt
92(1:) _ Qr(l o e—H*k,'t) 0

In general, If we specify performance
requirements, can we meet them?

Reference tracking, disturbance rejection.
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+

Thank you for listening! %

Nonlinear control

Realisation theory

+ U y
R—0— C H

Reinforcement learning

Geometric control
(e.g. over SO(3))

Motion planning
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