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Hensel's Analogy
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Fix a prime p. For x € Z define

n ifx=p'xandptx,
Vp(X) = .
oo Ifx=0.

Extend to Q by

vo () = V(@) = ve(D).
This function v, : Q — Z U {oo} is the p-adic valuation.
It satisfies the following properties:

1. vp(xy) = vp(X) + vp(y).
2. V(X +) > min{Vp(x), Vp()}.



Absolute values

Recall: an absolute value on a field kis a function
|-]:kR—Rxo
such that

1. |x| =0ifand only x = 0;
2. |xyl = x| lyl;
3. x+yl < X+ Iyl

We call |- | non-archimedian if it satisfies the strong inequality:
4 |x+y| < max{|x|,|y|} forall x,y € k;

otherwise we say | - | is archimedian.



The p-adic absolute value

Define the p-adic absolute value on Q by
|X‘p — p_VD(X)'
Examples:

(i 1
|35|7 =5 V7(5 7) = ?
11

Bl 3‘V3(%) -9
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| - |p is a non-archimedian absolute value on Q.



Convergence with respectto |- |,

Recall absolute values induce metrics: dp(x,y) = [X — V|p.

Example:
lim p" =0,
n—oo
since
o1 0l — T p=Ye(P") — i =N —
nIme‘p Olp = nhan;op = HLFYOIOP =0
Example:
1
> oph=—,
n>0 T-p
since1—p" = (1-p)Xp=ypF, so
1—p" 1 1 1
Zp”: lim P _ — lim p" = ——.
n—oo 1—p 1—p 1—pn—=oco 1-—p

n>0



Ostrowski’s Theorem

Absolute values on a field are considered equivalent if they
define the same topology.

Theorem (Ostrowski)
Every non-trivial absolute value on Q is equivalent to either
| - |oo OF | - |p, fOr some prime p.




The p-adic numbers

Recall: R is the completion of Q with respect to | - |-
Qp Is the completion of Q with respect to | - |p.
This means Q, is a field with an absolute value | - |, such that:

1. There is an inclusion Q — Qp, and the absolute value
induced on Q is the p-adic absolute value;

2. The image of Q under this inclusion is dense in Qp;

3. Qp is complete with respect to the absolute value | - |p.



The p-adic integers

With respect to | -

p, the set of integers has bounded norm:
"y =1, 1T+ 1]p < max{[1]p,|1]p} =1,
124+ 1] < max{|1]p,2|p} <1, ...
The ring of p-adic integers is
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Series in Q,

Claim: The series Z a, converges if and only if lim a, = 0.
>0 n—oo

Proof: A sequence (x,) is Cauchy in Q, if and only if
nIme ‘Xn_l'_‘] - Xn’p = O

Suppose for n > N that |x,41 — Xn| < &. Then for m > n,

[Xm — Xnlp
= |(Xm — Xm=1) + (Xm=1 — Xm—=2) + - .. + Xn+1 — Xn)|p
< maX{|Xm —Xm7'|’p, 500y |Xn+'| — Xn|p} < B

For X, = >"p_o Gk, We need

n—oo n—oo

n



Representing p-adic numbers

The claim implies

Zaipiv i0€Z7OSaiSp_17
i>io
alwayS ConvergeS!

Every p-adic number has a unique expression of the above
form. In particular,

ZD{Zaip’:O<a,<p1}.

i>0

It follows that Zy/pZp = 7./ pZ.
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Hensel's lemma

Theorem
Let F(X) € Zp[X]. Suppose there exists a; € Zp such that

F(ar) =0 mod pZy, F'(an) 20 mod pZp.

Then there exists o € Zp such that o = a4 mod pZp and
F(a) = 0.

Sketch: Construct a sequence (an) € Zp such that forall n > 1,
F(an) = O mOd anp, O{n+’| = Qn mOd anp

The sequence is then Cauchy and there is a limit a. By
continuity, F(a) = 0. By construction, & = oy mod pZp.
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Sketch, continued

Goal:

(1) Flan) =0 mod p"Z, (2) any1 =an mod p"Z,
Write ant1 = ap + ap” so (2) holds. We want to solve for a € Z,
so (1) holds:

Flani1) = Flan +ap™) =0 mod p"*'Z,,.
By Taylor expansion,
Fan) + F(an)ap” =0 mod p"'Z,,.

Our assumptions imply there is a unique solution

F(an)

a= —7'0”[__/(@”)

mod pZp.
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An application of Hensel's lemma

Let
F(X) =XP~1 —1.

Since Fjy is cyclic of order p —1, for each ay = 1,2,...,p -1,
F(aqs) =0 mod pZp.

Also,
Fa)=(p—1)()P2#£0 mod pZp.

The theorem implies each o4 lifts to a distinct (p — 1) root of
unity in Zp.
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The Local-Global Principle

Local-Global Principle

Global Local
solutions «~  solutions
in Q in @D? p S &)

The Hasse-Minkowski Theorem

Let F(X1,...,Xn) be a quadratic form with rational coefficients.
Then F(X;,...,Xn) = 0 has nontrivial solutions in Q if and
only if it has nontrivial solutions in Qp for each p < oo.
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